Linear resistivity at low temperatures is a prominent feature of High-Tc superconductors and was recently found in twisted bilayer graphene. We show that due to perfect nesting, linear conductivity is obtained from a microscopic model for twisted bilayer graphene around the van Hove singularity. Invoking quasi-localised interband plasmons, we can further explain the quasi-classical linear behaviour for larger temperatures. Explicit calculations are obtained from a one-band model which is justified due to the appearance of a Mott gap for certain angles.
Introduction. The discovery of a Mott insulating 1 and superconductiving 2 state in magic angle graphene has stimulated great interest, both from the theoretical as well as from the experimental side. [79] [80] [81] [82] [83] [84] [85] [86] [87] [88] [89] [90] One striking and astonishing result of the initial experiments was the similarity of the phase diagram to the one of High-T c superconductors. This analogy has been further manifested by the observation of the strange metal regime with its linear T -resistivity. 91 Treating the charge fluctuations classically, one obtains a linear T -resistivity down to some temperature scale, e.g., ∼ 5 − 10K in the case of electron-phonon interaction. 92 However, the observed linear resistivity down to ∼ 0.5K remains an open question which further seems to rule out a conventional BCS-pairing scenario. Also, assuming electron-phonon interaction as done in Ref. 92 , would not explain the gate dependence of the resistivity.
Recently, we presented a theory for the observed superconductivity in twisted bilayer graphene. 93 It was based on the Kohn-Luttinger mechanism where the strongly anisotropic screening eventually leads to an attractive interaction between electrons around the Fermi surface. Crucial for the relatively high critical temperature of 1K was the approximate nesting property of the Fermi surface around an emerging van Hove singularity. We will argue that this property might also be responsible for the linear-T -resistivity down to low temperatures around 0K.
Within a simple analytical approximation invoking quasi-localised interband plasmons, 94 we further obtain linear T -resistivity above some crossover temperature T * , thus proposing an alternative mechanism that also works away from half-filling in agreement with experiment.
In the following, the scattering rate will be calculated within second order electronic self-energy, 95 and later we will also use the G 0 W -approximation of the self-energy. 96 We will further limit ourselves to a one-band approximation. To justify this, we will first calculated the Hartree-Fock renormalisation of the two highest valence bands. This yields a Mott gap at half-filling for twist angles slightly above the magic angle. Models. To model twisted bilayer graphene (TBG), we will use the continuous model (CM) first introduced by Lopes dos Santos, Peres, and Castro-Neto that treats commensurate angles parametrised by the integer i with the twist angle cos θ i = 3i 2 +3i+0.5 3i 2 +3i+1 . [97] [98] [99] [100] For these angles, we will also use the tight-binding model (TBM) of TBG 101-103 which does not distinguish between different K-points. The two highest VB's of the TBM can thus only be compared to the CM by combining its lowest VB of each K-point,
. Hartree renormalization. Let us consider a basic model for the two highest valence bands and assume that there is no scattering between them. The Hubbard interaction will thus conserve the number of electrons in each band and the Fock diagram renders to zero. Nevertheless, the two bands act upon each other through the Pauli exclusion principle. This yields to a relative shift between the two highest valence bands, given by
see Appendix.
In Fig. 1 , we show the density of states in units of [meVa 2 M ] −1 of the highest valence band E + k = max(E K k , E K k ) (red curves) and second highest valence band E − k = min(E K k , E K k ) (black curves) of TBG for various twist angles i = 21−30, where a M = √ 3i 2 + 3i + 1a is the lattice constant of the Moiré lattice with a = 0.246nm. First, we observe the emergence of a second peak for 24 ≤ i ≤ 29. This peak can be associated to the emergence of a van Hove singularity that fully evolves for i ≥ 26. In the vicinity of the van Hove singularity, a superconducting instability arises as outlined in Ref. 93 .
On the left of Fig. 2 , ∆µ for various twist angles i = 21 − 30 is shown as function of the initial chemical potential which fixes the electronic density. For large Hubbard interaction U , the states of E − k will always be filled up first since ∆µ ≥ 0. This is crucial to reach a filling factor of 1/2 around the emerging van Hove singularity which lies close to the band edge. On the right of Fig. 2 , we show the filling factor as function of the twist angle for different Hubbard interaction U given in units of meVa 2 M . For U ≥ 5, the filling factor converges to n vH ≈ 0.45 consistent with the experimental observation.
Our simple approach can also explain the appearance of a Mott gap at half-filling for certain twist angles. In arXiv:1903.01376v1 [cond-mat.mes-hall] 4 Mar 2019
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FIG. 2. Left: The relative shift of the chemical potential between the two highest valence bands E ± k for various twist angles i = 21 − 30 as function of the chemical potential that fixes the electronic density. A relative offset of 0.1meV has been included for sake of clarity. Right: The filling factor at the van Hove singularity nvH for different onsite interactions U in units of meVa 2 M for the twist angles i = 26−29 for which the Kohn-Luttinger mechanism predicts a superconducting instability. (the shift of the E + k -band is set to zero). As can be seen, there is a gap-opening for i = 28, 29, i.e., for twist angles slightly above the magic angle which is given by i = 31.
Resistivity. Let us now come to the transport properties of twisted bilayer graphene. We can compute the resistivity relying on the quasiclassical formalism of the Boltzmann equation. In this approximation, the resistivity is given by
with A the sample area. Further, we have defined the eigenenergies ε k = E − k and the eigenstates |k of the E − k -band. This equation can be recast in a way that makes explicit use of the transport scattering rate. We can write
with ρ 0 = h/e 2 and where we have defined
with the imaginary part of the susceptibility
One can check that the computation of the transport decay rate close to the vHS gives similar results to those obtained from the quasiparticle lifetime in previous sections. The values of 1/τ tr (k) depend on the separation of the Fermi level with respect to the vHS, as well as on the point chosen along the Fermi line. We illustrate here the behavior of the transport decay rate by taking a shift ∆µ of the filling level with respect to the vHS which goes from −0.2 to −2.5 meV. The evolution of the Fermi line below the level of the vHS can be seen in Fig. 3 , where it is apparent the significant nesting of the Fermi line for |∆µ| ∼ 0.2 meV. In order to represent the dependence of the transport decay rate on momentum, we have taken in all cases a sequence of points along the Fermi line as shown in Fig. 3 . The results obtained for ∆µ = −0.2 meV and −0.5 meV are given in Figs. 4 and 5. In the two cases, 1/τ tr (k) shows a dependence which is linear in T to a very good approximation, with a crossover from a larger to a smaller slope at a temperature of a few K.
From the results for the transport decay rate, we can obtain the resistivity by applying Eq. (3). At low temperatures, a common approximation is to assume that only quasiparticles in the energy range of T contribute, so that the resistivity can be computed as an average over the Fermi line
where k is the longitudinal component of the momentum and v k is the Fermi velocity along the Fermi line. The resistivity obtained in this way can be seen in Figs. 6 and 7, which represent the dependence on temperature for different values of ∆µ from −0.2 to −2.5 meV. It is evident the marked difference between the behavior of the plots in the two figures. As seen in Fig. 7 , the good approximation to a linear T -dependence is lost as long as the Fermi line departs from the nesting regime. When ∆µ is between −0.2 and −0.5 meV, however, the linear T -dependence of the resistivity is quite clear, although with different slope above and below a crossover temper- ature of the order of a few K. Very suggestively, a change in the slope of the resistivity has been also seen in the experimental observations about half-filling of the Moiré superlattice, displaying a larger (smaller) slope of the linear T -dependence below (above) a temperature which is ≈ 6 K in the measurements reported in Ref. 91 .
Scattering from collective modes. For temperatures much larger than the band-gap, the system is expected to reach the classical regime, characterised by a linear behaviour of the resistivity and dominated by thermal charge fluctuations. To access this regime, we discuss the relaxation time within the G 0 W -approximation for a quasiparticle state with ∆ = ε p − µ, given by 96
The above formula involves the dielectric function within the RPA-approximation
with the bare Coulomb interaction v q = e 2 2 0 q , the static dielectric constant of the surrounding medium, and the polarisability
where the temperature-dependent weight factor is given by
The quasi-particle relaxation time will be mainly determined by the specific form of the loss function. For twisted bilayer graphene within the continuum model, it was discussed in Ref. 94 and a quasi-flat mode was found for small twist angles at zero doping consisting of interband transitions. This mode remained unaltered for moderate doping-levels and was related to the localised states within the AA-stacked regions. As a first approach, we can thus approximate the loss function by the following expression:
with ω 0 the plasmon frequency and C related to the oscillator strength. This permits for an analytical solution of the relaxation time if the wave function overlap | p|p + q | 2 is neglected and the interaction is highly screened, i.e., v q → U . We then get
where ρ(ω) denotes the density of states. The decay rate shall be dominated by the electronplasmon decay active for quasi-particles with energies ∆ ≈ ω 0 . Then, for sufficiently large temperatures k B T ω 0 , we obtain
where the numerical value is derived in the Appendix. Our theory thus yields the observed (classical) linear Tresistivity above some energy scale ω 0 . Furthermore, the prefactor is governed by the density of states which is decreasing as one approaches the regime of half-filling from below. In the appendix, we estimate C and ω 0 based on the continuous model and obtain values close to the Planckian limit. We further predict that the crossover temperature T * , separating the low-and high-(or classical) temperature regime of the linear resistivity, decreases with decreasing twist angle as ω 0 decreases (approximately linearly) with i, see Appendix.
Summary We have analysed the electrostatic effects on the two lowest bands of magic angle graphene. Due to the Pauli-exclusion principle there is a notable shift between the two bands such that the regime of half-filling corresponds to the fully filled lower band, i.e., the appearance of a Mott gap, for angles slightly above the magic angle. Considering only this partially filled band yields a linear T -resistivity for filling factors around the van Hove singularity. By invoking the coupling to quasi-localised interband plasmons to be the dominate scattering mechanism, we can also explain the linear resistivity for the high-temperature regime. This all gives compelling evidence that the Kohn-Luttinger mechanism is at work in magic angle graphene. 
HARTREE-RENORMALIZATION
The Dyson-Schwinger equation for the single-particle Green function reads
where Σ(k, ω) shall contain all irreducible self-energy corrections due to the Coulomb interaction. To first order, only the Hartree and the Fock-diagrams contribute to Σ, respectively. Let us consider a basic model for the two highest valence bands and assume that there is no scattering between them. The Hubbard interaction will thus conserve the number of electrons in each band and the Fock diagram renders to zero. Nevertheless, the two bands act upon each other through the Pauli exclusion principle, thus leading to the following renormalisation of the two chemical potentials, respectively:
Above, µ is the initial chemical potential fixing the electronic density. Note that there is a factor 2 between the terms involving the density of states of the two bands, ρ ± which arises from the Pauli exclusion principle. The two chemical potentials µ ± will thus be renormalised differently and we can combine the above equations to one equation for ∆µ = µ − − µ + given by
Recalling that G ± = [ω − (E ± k − µ ± )] −1 , we see that the second highest valence band E − k is shifted towards smaller energies with respect to the highest valence band E + k .
INTERBAND PLASMONS
Here, we estimate the constants C and ω 0 in Eq. (13) within the continuum model for twisted bilayer graphene. In Fig. 8 , we show the loss function S(ω) =-Im −1 (q, ω) for |q|a = 0.02 in the KK -direction for = 4.8 for various twist angles. The first resonance resembles a true plasmonic resonance as discussed in Ref. 94 which shifts to smaller energies with decreasing twist angles. For i = 29, also a Lorentzian fit is shown with
where C = 0.35meV, γ = 0.45meV, and ω 0 = 8.54meV. For U = 5meVa 2 M and µ close to the van Hove singularity, we have U ρ(µ) = 4 which yields
This value is close to the observed Planckian limit. With the plasmon energy ω 0 = 8.54meV, the crossover temperature corresponds to 100K which is clearly too high to explain the experiments of Ref. 91 . Including relaxation effects of the lattice 16 lowers this temperature scale since the plasmonic resonance is related to the band-width of the lowest valence/conduction bands which is around 1meV resp. 10K. Furthermore, interaction effects can lead to a red-shift thus making the electron-plasmon scattering a possible candidate for the high-Temperature linear regime.
